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Abstract

In this paper we investigate generalized Bessel potential operators in
the setting of Bessel-Kingman hypergroups, and certain results using the
Fourier-Bessel transform to be applied further for the regularities of the
wave equations solutions.
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Introduction

The theory of Bessel potential operators has been introduced in ([1],
p.220) on Rn using the classical Fourier transform. In this work, we in-
vestigate their analogues in the setting of the Bessel-Kingman hypergroups
K = [0,∞), denoted by Bα,s (s ∈ R , α > −1

2). We are using the Fourier
Bessel transform FB, where for a suitable function f ([11], p.15)

FBf(λ) =
∫ ∞

0
jα(λ.)fdmα, for all λ ∈ R, (1)
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dmα(x) =
x2α+1dx

2αΓ(α + 1)
and jα is the modified Bessel function [12].

The Fourier-Bessel transform is an isomorphism from S∗(R) into itself
([11] p.127), where S∗(R) is the space of C∞ even functions on R, rapidly
decreasing together with all their derivatives. Its inverse is given by F−1

B =
FB ([11], p.128).

In the present work we investigate the generalized Bessel potential op-
erators Bα,s = F−1

B

[
(1 + ξ2)−

s
2FB(.)

]
. These operators are well defined on

Lp(dmα), the weighted Lebesgue space corresponding to the measure dmα

and turning the space W s,p
α = Bα,s(Lp(dmα)) into a Banach space with

respect to the norm ||.||W s,p
α

= ||Bα,−s(.)||Lp(dmα). The Bessel potential
operators are an important technical tool in Harmonic Analysis, Real Anal-
ysis, and Partial Differential Equations ([4],[9],[2]). Moreover, they are used
here to investigate and describe the regularities of solutions for a generalized
wave equations in the setting of hypergroups.

The paper is organized as follows: In the first section we collect some
Harmonic Analysis results related to the Bessel operators. In the second
section we study the Bessel potential operator Bα,s on the Bessel-Kingman
hypergroups and give some properties and some imbedding results. Also,
a Young inequality on Lp(dmα) spaces has been extended to the Bessel
potentials, to be applied further for solving the wave equations. In the third
section we solve the wave equations associated with the Bessel differential
operator, and we give some regularities results.

1. Preliminaries

Throughout this paper we fix α > −1
2 . First we remind some classical

Harmonic Analysis results associated with the Bessel differential operator
Lα (α > −1

2) given by
Lα =

1
x2α+1

d

dx
(x2α+1 d

dx
). (2)

The above operator satisfies some useful properties, like:

Lα(jα(λx)) = −λ2jα(x), for all λ ∈ R. (3)

Also, for all f ∈ S∗(R), FB(f) and Lα(f) belong to S∗(R), and we have

FB(Lαf)(λ)=−λ2FB(f)(λ) ; Lα[FBf ](λ)=FB[(−x2)f ](λ) for all λ ∈ R.
(4)
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These results are standard in the sense that they occur in the monographs
on harmonic analysis, like for example [11]. In what follows, we equip K
with the measure dmα and Lp(dmα) with the norms

‖f‖Lp(dmα) =
(∫ ∞

0
| f(x) |pd(mα)

) 1
p

; 1 ≤ p < +∞, (5)
and

‖f‖L∞(dmα) = ess sup
x≥0

| f(x) |.

The generalized translation operator Tα
x ; x ∈ K is defined for a suitable

function f and for all y ∈ K as follows ([11], p.93):

Tα
x f(y) =

Γ(α + 1)√
πΓ(α + 1

2)

∫ π

0
f

(√
x2 + y2 + 2xy cos θ

)
(sin θ)2αdθ. (6)

These operators are well defined on L1(dmα), turning this space into a
commutative Banach algebra and one has for all x ∈ K, λ ∈ CI ([11], p.13)[

Tα
x jα(λ)

]
(y) = jα(λx)jα(λy). (7)

Furthermore, if f belongs to L1(dmα), one has ([11], p.121)

FB(Tα
x f)(λ) = jα(λx)FB(f)(λ) for all λ ∈ R and x ≥ 0. (8)

The generalized convolution product on K for appropriate pair of func-
tions f and g is denoted f#g and is given by ([11], p.97)

(f#g)(x) =
∫ ∞

0
Tα

x f(y)g(y)dmα(y). (9)

It has been proved in [11] that (K, #) is a hypergroup in the sense of Jewett,
called Bessel-Kingman hypergroup, and that the above convolution product
satisfies the Young inequality, that is, for f ∈ Lq(dmα) and g ∈ Lp(dmα);
(p, q ∈ [1,∞], 1

r + 1 = 1
q + 1

p), f#g belongs to Lr(dmα) ([11], p.100).
Moreover, the Young inequality holds:

||f#g||Lr(dmα) ≤ ||f ||Lq(dmα).||g||Lp(dmα). (10)

Meanwhile, for f in Lp(dmα) and ψ ∈ S∗(R), < f, ψ > means the value of
f ∈ S′∗(R) on ψ and it is given by:

< f, ψ >=
∫ ∞

0
f(x)ψ(x)dmα(x). (11)

It might be observed that a long list of properties of the classical distri-
butions on Rn remains valid also in our context and that the operators Lα

and F can be extended naturally on S′∗(R) as
< FB(T ), ψ >=< T,FB(ψ) > and < LαT, ψ >=< T,Lαψ >, (12)

for all T ∈ S′∗(R) and ψ ∈ S∗(R).
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2. Bessel potential on the Bessel-Kingman hypergroups

In this section we investigate the Bessel potential on the Bessel-Kingman
hypergroups Bα,s, (s ∈ R), to be the operator

Bα,s = F−1
B

[
(1 + ξ2)−

s
2FB(.)

]
.

One can remarks easily that Bα,soBα,t = Bα,s+t for any real s and t and
that Bα,0 = Id.

The Bessel potential operator is a continuous isomorphism from S∗(R)
into itself. Its inverse is the operator Bα,−s. And hence, it can be extended
naturally on S′∗(R) by means of (12).

Definition 2.1. For any real s and p ∈ [1,∞], we define the space
W s,p

α to be the set of all tempered distributions T such that Bα,−s(T ) belongs
to Lp(dmα).

Using the fact that Bα,−s maps S∗(R) into itself and that S∗(R) is
included in Lp(dmα), one can prove easily that S∗(R) ⊂ W s,p

α , for all s ∈ R
and p ∈ [1,∞[. Furthermore, W s,p

α endowed with the norm ||.||W s,p
α

=
||Bα,−s(.)||Lp(dmα) are Banach spaces and S∗(R) is dense in

(
W s,p

α , ||.||W s,p
α

)
.

On the other hand, it is clear that W s,2
α = Hs

α (see [3]) for all s ∈ R, and
that Bα,t (W s,p

α ) = W s+t,p
α . Moreover, Bα,t is an isometric isomorphism from

W s,p
α into W s+t,p

α . The name Bessel potential for these operators is related
to the Fourier-Bessel transform of the symbol (1+ξ2)

−s
2 , that is ([5], p.235)

FB

(
(1 + ξ2)

−s
2

)
(y)kα,s(y) =

y
s
2
−1−α

2
s
2
−1

1
Γ( s

2)
Kα− s

2
+1(y), (13)

where Kν ; (ν ∈ CI ) is the MacDonald function defined on CI \ (−∞, 0] by:

Kν(z) =
I−ν(z)− Iν(z)

sin νπ
,

and Iν is the modified Bessel function of order ν given by

Iν(z) =
∞∑

k=0

1
k!Γ(k + ν + 1)

(z

2

)2k+ν
; Arg(z) ∈]− π, π[.

The MacDonald function satisfies the following asymptotic behaviors
(see [8], p.252):

• Kν(x) ∼ √
π
2 . e

−x√
x

(x → +∞).

• Kν(x) ∼ Γ(|ν|)
2 .

(
x
2

)−|ν| (x → 0+); ν 6= 0.

• K0(x) ∼ −Log(x) (x → 0+).
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Formula (13) is valid for all s ∈ CI \{0,−2,−4, ...., }. For s = 0,−2,−4, ...,
−2k, k ∈ N, one has

kα,s = (1− Lα)−sδ.

The function kα,s has to be understood as finite part in the sense of Hadamard
for large −s.

Example 2.1. Considering the Dirac distribution δ, we calculate the
indexes p and s for which δ belongs to W s,p

α . For this, we need Bα,s(δ) for
arbitrary s.

Because supp(δ) = {0} is compact, we may use kα,s and the represen-
tation

Bα,s(δ) = kα,s#δ = kα,s.

From this, and the behavior of kα,s we get

kα,s ∈ Lp(dmα) for s >

(
1− 1

p

)
2(α + 1).

For working with convolution and Bessel potential, the following theo-
rem is useful.

Theorem 2.1. Let s ∈ R and f, g ∈ S′∗(R) be convoluvable in S′∗(R)
(in the sense that f#g and g#f exist and satisfy f#g = g#f), then we get

Bα,s(f#g) = Bα,s(f)#g = f#Bα,s(g). (14)

P r o o f. Let f, g in S′∗(R) being convoluvable. Using the fact that the
translation operator commutes with the Bessel potential, we obtain

< Bα,s(f#g), ϕ >=< f#g, Bα,sϕ >

=< f ⊗ g, Tα
x (Bα,sϕ(y)) >=< f ⊗ g, Bα,s(Tα

x ϕ)(y) >

=< f,< g, Bα,s(Tα
x ϕ)(y) >>=< f,< Bα,s(g), (Tα

x ϕ)(y) >>

=< f ⊗Bα,s(g), (Tα
x ϕ)(y) >=< f#Bα,s(g), ϕ > .

This proves the first equality. The rest of the proof goes as before.

Example 2.2. The Heaviside function

H(x) =
{

0 if x < 0,
1 if x > 0.

belongs to W s,∞
α for all s ≥ 0.
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Taking into account that Bα,s(H) = Bα,s(H#δ) = H#Bα,s(δ) = kα,s#H,
it follows that Bα,s(H) is bounded whenever kα,s ∈ L1(dmα) or kα,s = δ.
This is true for all s ≥ 0.

The theorem of Young on convolution in Lp(dmα) spaces can be ex-
tended immediately to the spaces W s,p

α , as follows.

Theorem 2.2. Let p, q ∈ [1,+∞], 1
r = 1

p + 1
q − 1 ≥ 0, s, s′ ∈ R. If

f ∈ W s,p
α and g ∈ W s′,q

α , then the distributions f and g are convoluvable,

and f#g belongs to W s+s′,r
α and satisfies

‖f#g‖
W s+s′,r

α
≤ ‖f‖W s,p

α
‖g‖

W s′,q
α

.

P r o o f. Using the semi-group properties of the Bessel potential oper-
ators, the property (10), and Theorem 2.1, one can write

‖f#g‖
W s+s′,r

α
= ‖Bα,(−s−s′)f#g‖Lr

= ‖Bα,(−s)f#Bα,(−s′)g‖Lr ≤ ‖f‖W s,p
α
‖g‖

W s′,q
α

.

This ends the proof.

As an application of the above theorem, we give the following Sobolev
imbedding result.

Corollary 2.1. For p ≤ q and s′ < s+
(

1
q − 1

p

)
(2α+2), the following

continuous imbedding holds:

W s,p
α ↪→ W s′,q

α .

P r o o f. The imbedding is given by convolution with δ. We know that
δ ∈ W r,γ

α as soon as γ >
(
1− 1

r

)
(2α + 2) (see Example 2.1). And from the

above theorem, with 1
r − 1 = 1

q − 1
p and s − s′ = γ >

(
1− 1

r

)
(2α + 2), we

get
‖f‖

W s′,q
α

≤ ‖f‖W s,p
α
‖δ‖

W s−s′,r
α

.

Moreover, for r = 1, that is p = q and s > s′, we obtain

‖f‖
W s′,p

α
≤ Cs,s′,α‖f‖W s,p

α
, (15)

where Cs,s′,α = ‖δ‖
W s−s′,1

α
.

The embedding given in inequality (15) was proved by Guliev and Sa-
farov for the multidimensional case, see [6].
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3. Applications: The wave equations

The aim of this section is to obtain an exact representation of solutions
for the Cauchy problem assigned to the hyperbolic operator

¤α = ∂2
t − Lα.

Let s, s′ ∈ R and p, q, r ≥ 1. We consider the generalized wave equation
assigned to the Bessel differential operator and we look for weak solutions
of

(Pw)





¤α u(x, t) = 0

u(x, 0) = Φ ∈ W s,p
α

∂u
∂t (x, 0) = Ψ ∈ W s′,q

α ,

belonging for fixed time t to S′∗(R), i.e. u ∈ C2([0,∞), S′∗(R)), the data Φ
and Ψ are being respectively in W s,p

α and W s′,q
α . Under these assumptions,

it is possible to apply the partial Fourier-Bessel transform to the above
Cauchy problem to obtain:

u(x, t) = Bα,s(f)#χt(x) + Bα,s′(g)#ψt(x), (16)

where f = Bα,−s(Φ), g = Bα,−s′(Ψ) and χ and ψ are such that FB(χt)(x) =

cosxt and FB(ψt)(x) =
sinxt

x
. The convolution in (16) is well defined,

since cos (tξ) and
sin (tξ)

ξ
belong to H∗( CI ) (see 1) and the Fourier Bessel

transform is an isomorphism from the space E ′∗(R) onto H∗( CI ) (see [11],
p.146).

In what follows, we consider a and b ∈ R such that χt ∈ W a,2
α and

ψt ∈ W b,2
α ; that is a > 1

2 and b > −1. Under these conditions and using
Theorem 2.2, we give the regularity of solutions for the problem (Pw) by
means of the data Φ and Ψ:

• For p = q = 2 and a + s = b + s′ = c, the solution u belongs to
W a+s,∞

α + W b+s′,∞
α . Moreover the following estimate follows

||u||W c,∞
α

≤ c(||Φ||
W s,2

α
+ ||Ψ||

W s′,2
α

).

1H∗( CI ) =
[
a≥0

H∗,a( CI ), where H∗,a( CI ) is the space of even entire functions ϕ

on CI , slowly increasing and of exponential type a, that is ∃m ∈ N, qm(ϕ) =

sup
λ∈ CI

�
1 + |λ|2�−m |ϕ(λ)|e−a|Imλ| < +∞
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• For p 6= 2 and q 6= 2 we have u ∈ W
a+s, 2p

2−p
α + W

b+s′, 2q
2−q

α . And for
a + s = s′ + b = c and p = q we get

||u||
W

c,
2p

2−p
α

≤ c(||Φ||W s,p
α

+ ||Ψ||
W s′,p

α
).

Now, for Φ and Ψ in S∗(R) the solution of the problem (Pw) belongs
also to S∗(R) and the principle of conservation of energy is that∫ ∞

0

(
u2

t +
(

∂u

∂x

)2
)

x2α+1dx

is independent of the time t. And for s = s′ we have

||u||2Ds := ||ut||2Hs
α

+ ||L
1
2
αu||2Hs

α

is constant with respect to time. Moreover,

||ut||2Hs
α

+ ||L
1
2
αu||2Hs

α
= ||L

1
2
αf ||2L2(dmα) + ||g||2L2(dmα),

where Ls
α ; s ∈ R is the fractional power of Lα.
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